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This paper is concerned with a way of thinking about the standard model 
that explains the existence of three fermion families and the value of the 
fine structure constant. The main idea is that the ultraviolet divergences 
that we encounter in the quantum field theories of the standard model, 
when interpreted appropriately, have a deep physical significance that 
leads to new relationships between the physical and bare masses of quarks 
and leptons. This interpretation is based on the assumption of a quantum 
gravity induced ultraviolet cutoff at the Planck scale and a novel approach 
to mass renormalization in which the usual perturbation series for the self-
mass of a quark or lepton is rearranged and formally summed. Perturbing 
around the formally summed expression leads to self-consistency 
equations for the physical quark and lepton masses with multiple solutions 
that lie outside the reach of conventional perturbation theory. When 
applied to the standard model at the lowest level of approximation, this 
approach explains how three generations of charged leptons with a mass 
spectrum and a value of the fine structure constant in rough agreement 
with experiment can emerge from a universal bare mass and bare 
electromagnetic charge. This approach also explains how three 
generations of physical quark doublets (six flavors) can emerge from a 
universal bare doublet and bare color charge. Finally, it explains the origin 
of quark mixing (and CP violation) and the absence of flavor-changing 
neutral currents. 
1 Where do the parameters of the standard model come from? 
Particle physics is facing a dilemma. The standard model correctly describes the gauge interactions of 
quarks and leptons, treated as point-like objects with no internal structure. This suggests that the standard 
model be viewed as a fundamental theory of nature. The problem is that the beauty and simplicity of the 
standard model is marred by the presence of numerous parameters that appear to defy any deeper 
explanation and are determined by experiment: multiple generations of quarks and leptons, mass 
hierarchies, mixing matrices, etc. It seems unthinkable that a theory could be both fundamental and ugly. It 
is therefore widely believed that the standard model is not truly fundamental, even though we have no 
evidence of any deeper substructure of quarks and leptons. 
The prevailing view is that the standard model is an effective low-energy description of a larger theory 
based on string theory, supersymmetry, extra dimensions, or some other physics beyond the standard model, 
despite a lack of experimental evidence. The problem has become more acute now that the first set of runs 
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at the LHC has discovered what appears to be the standard model Higgs boson but not a hint of 
supersymmetry, extra dimensions, or any other physics beyond the standard model. 
We suggest resolving this difficulty from a different point of view: that the multiple generations and 
associated mass hierarchies and mixings of the fermions are dynamical consequences of a bare Lagrangian 
which is simple and elegant, and which does not contain multiple generations and mixing. Rather than 
treating the masses and mixings as incalculable constants, we suggest viewing them as the solutions of self-
consistency equations developed from the dynamics of the standard model (with the caveat that some 
extension of the standard model is necessary to account for neutrino masses and mixing). In this way, we 
can retain the standard model as both a description of what we observe in terms of the physical parameters 
and an explanation of what we observe in terms of a small number of bare parameters. 
2 The physical significance of ultraviolet divergences 
This approach requires an understanding of the relationships between the bare and physical parameters. 
These relationships (the mass and charge renormalizations) are divergent; the divergences arise because the 
quarks and leptons are treated as point-like objects, consistent with observation. We therefore expect the 
divergences to play a central role in any dynamical explanation of mass and charge. 
Taking this idea a step further, we propose to work directly with the divergences using a regularization 
scheme with a momentum-space cutoff 𝛬. This amounts to using Pauli-Villars regularization [1] with a 
single regulator mass. The cutoff is generally viewed as having no physical significance, but simply as a 
way of defining the mathematics. Here we treat the cutoff as a fundamental scale in nature (related to 
quantum gravity and the Planck scale) at which the interactions are effectively cut off. This is an old idea 
dating back to the early days of quantum field theory when the ultraviolet divergences were first discovered 
[2]. Nowadays, all the various approaches to quantum gravity (string theory, loop quantum gravity, 
noncommutative geometry, doubly special relativity, etc.), in one way or another, invoke the notion of a 
minimal length (or equivalently, a high-energy cutoff) [3]. What is different about the present approach is 
that rather than simply assuming that the cutoff is on the order of the Planck scale, we shall determine a 
value of the cutoff from the masses of the charged leptons, whose values require a cutoff on the order of 
the Planck scale. 
Promoting the role of the cutoff to that of a physical observable brings with it the well-known problem of 
ambiguities since regularization of the divergent integrals with a momentum-space cutoff is not a unique 
procedure. Here we view the cutoff as a consequence of quantum gravity, for which we currently have no 
operational theory. Such a theory would presumably enable one to describe the short-distance structure of 
space-time and its effects on the fundamental interactions in a way that leads to unambiguous, finite and 
gauge invariant results. In the meantime, we shall attribute these difficulties to the lack of a consistent 
theory of quantum gravity and view this procedure for dealing with the divergences as an effective 
description of the effects of quantum gravity on mass and charge renormalization. Specifically, we propose 
to deal with the divergences as follows. 
As stated above, we use Pauli-Villars regularization with a single cutoff mass. This regularization technique 
leads to gauge invariant results in quantum electrodynamics, but produces gauge-dependent mass 
renormalizations in the electroweak theory, due to parity violation in the weak interactions. However, it has 
been shown that electrodynamics can be formulated in a gauge-free framework [4], in which gauge 
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ambiguities are absent from the outset. The theory is formulated with a physical vector potential that does 
not involve unphysical (gauge) degrees of freedom. Quantizing the theory leads to a photon propagator that 
is gauge invariant by construction. It is noteworthy, as pointed out by these authors, that although the 
physical photon field is transverse, the resulting photon propagator does not correspond to what is the 
Landau (transverse) gauge in the usual formulation but corresponds to the Feynman gauge. The gauge-free 
formulation has been applied to the Coleman-Weinberg mechanism [5] of mass generation via radiative 
corrections, which also suffers from a lack of gauge invariance [6] due to the gauge dependence of the 
effective potential, thereby eliminating the gauge dependence of this mechanism and rendering the masses 
to be physical. 
We shall adopt a similar strategy here and assume that the Feynman gauge corresponds to physical gauge-
free propagators not only of the photon, but also of the weak bosons in the electroweak theory. Although 
we have no proof of this, in the usual (Rξ) formulation the masses of the Goldstone bosons that correspond 
to the longitudinal degrees of freedom of the massive gauge bosons are gauge-dependent; the Feynman 
gauge is that gauge in which these masses are equal to the masses of the corresponding gauge bosons. Since 
the Goldstone bosons correspond to physical degrees of freedom of the gauge bosons, it seems natural that 
they should share the same mass, again suggesting the use of the Feynman gauge to calculate physical 
masses. 
Even after specifying the regularization procedure as described above, there remain small (cutoff-
independent) contributions to the mass renormalizations that are ambiguous, depending on which mass 
(fermion or boson) is replaced by the cutoff when regularizing the fermion self-energy. However, it turns 
out that these relatively small contributions have an insignificant effect on the numerical results presented 
in this paper. We shall adopt the procedure whereby the boson mass is replaced by the cutoff in the fermion 
self-energy. In the vacuum polarization, only the fermion mass appears in the (one-loop) contribution, and 
therefore the cutoff replaces its mass. This procedure leads to the well-known lowest-order expressions for 
the mass and charge renormalization of the electron in quantum electrodynamics, originally written down 
by Feynman [7] over sixty years ago. 
3 The generation problem 
This work has been motivated by an attempt to understand the existence of three generations of quarks and 
leptons using only the known laws of physics, without introducing extraneous particles, interactions, or 
symmetries that have no observational support. We begin by considering the mass of the electron in 
quantum electrodynamics. 
The mass of the electron arises from the bare mass and the radiative corrections to the bare electron 
propagator, 
 𝑆(𝑝) =
𝑖
𝑝 · 𝛾 − 𝑚0
 , (1) 
 
where 𝑚0 is the bare mass, 𝑝 is the electron four-momentum, and 𝛾 is a Dirac matrix. Denoting the electron 
proper self-energy by 𝛴(𝑝), the dressed propagator is 
 𝑆ˊ(𝑝) = 𝑆(𝑝) + 𝑆(𝑝)(−𝑖𝛴(𝑝))𝑆(𝑝) + 𝑆(𝑝)(−𝑖𝛴(𝑝))𝑆(𝑝)(−𝑖𝛴(𝑝))𝑆(𝑝) + ⋯, (2) 
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which can be formally summed as a geometric series, so that 
 𝑆ˊ(𝑝) =
𝑖
𝑝 · 𝛾 − 𝑚0 − 𝛴(𝑝)
. (3) 
 
The physical (pole) mass is defined as the location of the pole in the propagator, and is therefore the sum 
of the bare mass and the self-mass, defined as the proper self-energy 𝛴(𝑝) evaluated on the mass-shell, 𝑝 ·
𝛾 = 𝑚, where 𝑚 is the physical mass. On dimensional grounds the self-mass is proportional to 𝑚, and is 
therefore the product of 𝑚 and a dimensionless quantity 𝛿(𝑚):  
 𝑚 = 𝑚0 + 𝑚 · 𝛿(𝑚) . (4) 
If 𝛿(𝑚) were finite we could solve (4) self-consistently for 𝑚; however, 𝛿(𝑚) is formally infinite and in 
the usual approach to mass renormalization we add a counterterm (𝑚0 − 𝑚) to the Dirac equation and treat 
the counterterm as an additional interaction, cancelling the self-mass wherever it arises in the calculation 
of scattering amplitudes. This amounts to simply ignoring the self-mass at every order of perturbation 
theory and is perfectly fine for calculating scattering amplitudes in terms of the physical mass. The problem 
is that while this enables us to avoid dealing directly with the divergences, it precludes any possibility of 
understanding the relationship between the bare and physical mass (even if the self-mass were finite), and 
hence, of gaining any insight into the fact that in nature there are three different physical masses of the 
electron (charged leptons). 
On the other hand, treating the cutoff as a physical observable leads to a self-consistency equation for the 
electron mass that allows us to explore the relationship between the bare and physical masses. We are 
seeking multiple solutions that can be identified with the masses of the charged leptons: the presence of 
multiple generations can then be understood as a dynamical consequence of a simpler bare theory in which 
multiple generations are absent. 
 Using the regularization procedure described in the previous section, the lowest order (one loop) 
perturbative expression for 𝛿(𝑚) in quantum electrodynamics is [7] 
 
𝛿(1)(𝑚) =
3𝛼0
4𝜋
(𝑙𝑛
𝛬2
𝑚2
+
1
2
), 
(5) 
   
where 𝛼0 is the bare coupling constant. Approximating 𝛿(𝑚) by 𝛿
(1)(𝑚), substituting (5) into (4) and 
solving for 𝑚, it is easy to see that for negative values of the bare mass there can be zero, one, or two 
solutions for the physical mass, depending on the value of the bare mass, and for positive values of the bare 
mass there is always one solution for the physical mass. This can be seen from inspection of graphs of the 
functions 𝑚 and 𝑚0 + 𝑚𝛿
(1)(𝑚) vs. 𝑚, as shown in Figure 1. Values of 𝑚 where 𝑚0 + 𝑚𝛿
(1)(𝑚) = 𝑚 
correspond to values of the physical mass. 
Note that a negative bare mass is perfectly acceptable if the physical masses are positive. In the standard 
model masses are generated via the Higgs mechanism, in which fermion masses in the Lagrangian are of 
the form 𝐺𝑣, where 𝐺 is a Yukawa coupling constant and 𝑣 is the vacuum expectation value of the Higgs 
field (246 GeV). If we interpret the bare mass 𝑚0 as 𝐺0𝑣, where 𝐺0 is a bare Yukawa coupling constant, a 
negative bare mass simply corresponds to a negative value of 𝐺0. Since the physical mass is the sum of the 
bare mass and the self-mass, a physical Yukawa coupling 𝐺 can be defined by 
5 
 
𝑚 = 𝐺𝑣 = 𝐺0𝑣 + 𝑚𝛿(𝑚), (6) 
 
 
Figure 1. Plots of the functions 𝑚 and 𝑚0 + 𝑚 ⋅ 𝛿
(1)(𝑚) vs. 𝑚 (in arbitrary units) 
with a negative value of 𝑚0. Values of 𝑚 where the functions intersect correspond 
to values of the physical mass. 
 
 
so that the physical mass in the Lagrangian retains its customary form and is positive. However, the fact 
remains that, regardless of the values of the bare parameters, lowest-order perturbation theory can account 
for no more than two physical masses. If higher-order corrections were to alter this conclusion, then 
perturbation theory would be unreliable. 
4 Self-mass as a formal sum 
Perturbation theory is unable to explain the existence of three generations of charged leptons. This is 
because the perturbation series for the self-mass arises from an infinite sequence of radiative corrections to 
the bare electron propagator. In diagrammatic language, the one-loop correction generates a two-loop 
correction, which generates a three-loop correction, ad infinitum. Every time we include a new radiative 
correction in a diagram, new electron propagators are introduced in the internal lines in the diagram, which 
then introduce more radiative corrections, etc. 
The problem is that it’s logically inconsistent to use perturbation theory to develop a self-consistency 
equation for the mass of the electron that only takes a finite number of radiative corrections into account 
when perturbation theory tells us that the electron mass comprises an infinite sequence of radiative 
corrections. This inconsistency can be avoided by treating the self-mass of the electron as a formal sum of 
an infinite sequence that automatically takes into account contributions from all orders of perturbation 
theory. Only in this way can one account for radiative corrections creating radiative corrections ad 
infinitum. We will show that the difficulty explaining the origin of three generations is not due to the 
limitations of perturbation theory per se but is due to a failure to restructure the perturbation series into a 
form that can be formally summed. 
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This formal summation of a perturbation series is not necessary in the calculation of scattering amplitudes 
because there one is developing expressions that are evaluated numerically (cross sections, anomalous 
magnetic moments, Lamb shift, etc.). If the expansion parameter is small, one can terminate the series and 
obtain numerically accurate results, as we ordinarily do in quantum electrodynamics. Here, however, we 
are attempting to develop a self-consistency equation for the electron mass, and the functional dependence 
of the self-mass on the physical mass is of critical importance. 
Using the same rules over and over to build up higher loop diagrams and calculate their contributions to the 
self-mass suggests rearranging the perturbation series for the self-mass using a simple multiplicative rule 
that is applied repetitively. The self-mass is proportional to 𝑚, so the simplest way to generate such a 
sequence is to multiply each term in the sequence by the same dimensionless function 𝛥(𝑚), where 𝑚𝛥(𝑚) 
is the first term, to obtain the next term. We shall therefore write the self-mass as 𝑚𝛥(𝑚)[1 + 𝛥(𝑚) +
𝛥2(𝑚) + 𝛥3(𝑚) + ⋯ ]. This expression can be formally summed in analogy to the way the self-energy 
corrections to the bare electron propagator in (2) are formally summed to obtain the simple closed-form 
expression for the dressed propagator in (3). Thus, we propose replacing (4) with 
 𝑚 = 𝑚0 + 𝑚
𝛥(𝑚)
1 − 𝛥(𝑚)
. 
 
(7) 
 
The function 𝛥(𝑚) can be developed iteratively from 𝛿(𝑚) by expanding 𝛥(𝑚) in a power series in 𝛼0 in 
such a way that 
𝛥(𝑚)
1−𝛥(𝑚)
 is formally equivalent to the perturbation series for 𝛿(𝑚). If one writes the 
perturbation series for 𝛿(𝑚) as 𝛿(𝑚) = 𝛿(1)(𝑚) + 𝛿(2)(𝑚) + 𝛿(3)(𝑚) + ⋯ and the power series 
expansion of 𝛥(𝑚) as 𝛥(𝑚) = 𝛥(1)(𝑚) + 𝛥(2)(𝑚) + 𝛥(3)(𝑚) + ⋯ (where the superscripts denote powers 
of 𝛼0), then setting 𝛿(𝑚) =
𝛥(𝑚)
1−𝛥(𝑚)
 and equating equal powers of 𝛼0 leads to 𝛥
(1)(𝑚) = 𝛿(1)(𝑚), 
𝛥(2)(𝑚) = 𝛿(2)(𝑚) − 𝛿(1)
2
(𝑚), etc. In this way, the nth term in the expansion of 𝛥(𝑚) can be determined 
from the first n terms in the expansion of 𝛿(𝑚). If one calculates perturbatively in the usual way up to the 
nth order, in effect one is setting all the higher order terms to zero. After n iterations of the present scheme, 
one has developed a form for the structure in (7) that agrees with perturbation theory up to the nth order, but 
which also contains what can be viewed as estimates of all the higher order terms. Rather than using 
perturbation theory to directly calculate the self-mass 𝛿(𝑚), in which case the sequence of self-mass 
corrections is inevitably terminated at some point and therefore fails to describe the characteristic that 
radiative corrections create radiative corrections ad infinitum, we use perturbation theory to develop the 
rule 𝛥(𝑚) by which radiative corrections create radiative corrections. 
There remains a question of the convergence of the solutions of (7) in higher orders, for which we have no 
proof. However, the dominant contributions to the self-mass come from the cutoff-dependent contributions, 
which originate from large momenta running around the loops. Since the cutoff-independent contribution 
to the photon propagator tends to cancel the cutoff-dependent photon wave function renormalization at high 
energies [8] (at least in lowest order), the photon propagator corrections are not expected to make dominant 
contributions to the self-mass. The cutoff-dependent contributions from the vertex and electron wave 
function renormalizations cancel via the Ward identity. The only remaining cutoff-dependent contributions 
come from the mass renormalizations. At each successive order of perturbation theory these arise from the 
insertion of a lowest-order self-energy correction into an electron propagator, which generates another 
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factor of 𝛿(1)(𝑚). This suggests that the dominant contributions to the self-mass may behave like powers 
of 𝛿(1)(𝑚), and hence, of 𝛥(1)(𝑚). This in turn suggests that the lowest order expression for 𝛥(𝑚) may 
approximately describe the mass spectrum when substituted into (7). In fact, as shown below, when one 
uses perturbation theory in this way with the usual Feynman rules, the one-loop expressions provide a 
description of the charged lepton mass spectrum and a value of the fine structure constant in qualitative 
agreement with experiment. The formal summation is of primary importance for understanding the mass 
spectrum. 
5 Spinor electrodynamics – a simple example 
In this section we apply these ideas to the quantum electrodynamics of electrons and photons. 
Approximating 𝛥(𝑚) by 𝛥(1)(𝑚) = 𝛿(1)(𝑚) and substituting (5) into (7) leads to a structure of the self-
mass entirely different from that using (4), as can be seen in Figure 2, where we have plotted the functions 
𝑚0 + 𝑚
𝛥(1)(𝑚)
1−𝛥(1)(𝑚)
 and 𝑚 vs. 𝑚. There can be either one or three solutions for the physical mass, depending 
on the values of the bare mass and charge. In Figure 2 we have chosen values that give three solutions and 
have plotted the functions with three different scales to clearly reveal all three solutions (which exhibit a 
large hierarchy) as well as the singularity where 𝛥(1) = 1. This large hierarchy is generated by a small 
coupling constant ((
𝛼0
𝜋
) ≈ 0.04), reflecting the nonperturbative nature of the solutions. We interpret these 
three solutions as the masses of the electron (𝑚𝑒), the muon (𝑚𝜇), and the tau lepton (𝑚𝜏). All three 
solutions lie in the region where 𝛥(1)(𝑚) < 1, and therefore within the radius of convergence of the 
formally summed geometric series. (In the region where 𝛥(1)(𝑚) > 1 the series diverges and we treat the 
self-mass as infinite.) 
5.1 Determination of the bare parameters and the cutoff 
Equations (5) and (7) are unable to simultaneously account for the observed masses of all three charged 
leptons for any values of the bare parameters and the cutoff. We shall therefore use values that correctly 
determine two of the masses, and then use these values to predict the third mass. We can then use these 
values of the bare coupling constant, the cutoff, and the physical masses to calculate a value of the fine 
structure constant from first principles. 
As pointed out below, the fine structure constant depends upon all three physical masses but is least 
dependent on the heaviest mass (tau lepton). We shall therefore use values of the bare parameters and the 
cutoff that correctly predict the masses of the electron and muon, and then use these values to predict values 
of the tau lepton mass and the fine structure constant. 
We have found that the parameters 
 𝛼0 = 0.130; 𝑚0 = −103.3 𝑀𝑒𝑉;  𝛬 = 3.65 𝑇𝑒𝑉 (8) 
 
when substituted into (5) and (7) predict the mass spectrum 
𝑚𝑒 = 0.511 𝑀𝑒𝑉; 𝑚𝜇 = 105.7 𝑀𝑒𝑉; 𝑚𝜏 = 1.002 𝐺𝑒𝑉. (9) 
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Figure 2. Plots of the functions 𝑚 and 𝑚0 + 𝑚
𝛥(1)(𝑚)
1−𝛥(1)(𝑚)
 vs. 𝑚 using the values of 
the bare parameters discussed in the text. Values of 𝑚 where the functions intersect 
correspond to the values of the charged lepton masses. 
 
Although this prediction of the tau mass is less than the observed value (1.777 𝐺𝑒𝑉), we view the prediction 
of a third lepton mass with the correct order of magnitude while simultaneously explaining the masses of 
the electron and the muon as a qualitative success. 
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Interpreting the TeV scale cutoff as a fundamental Planck scale is reminiscent of low scale gravity models 
with large extra dimensions. However, the effect of the weak interactions will be shown in the following 
section to drive the cutoff up from the TeV scale to the usual Planck scale. 
5.2 Calculation of the fine structure constant 
In this approach to the generation problem, the masses of the charged leptons are the key to understanding 
their charge. The existence of three generations of charged leptons with a large mass hierarchy requires a 
specific value of the bare coupling constant, from which a rough estimate of the fine structure constant is 
a simple, straightforward exercise. Remarkably, the weak interactions have little effect on this estimate, as 
shown in the following section. 
The fine structure constant is the renormalized coupling constant, defined by 
 𝛼 = 𝑍3𝛼0 , (10) 
 
where 𝑍3 is the photon wave function renormalization constant. The lowest order contribution to 𝑍3 from 
the leptons is [7] 
 𝑍3 = 1 −
𝛼0
3𝜋
(ln
𝛬2
𝑚𝑒
2 + 𝑙𝑛
𝛬2
𝑚𝜇2
+ 𝑙𝑛
𝛬2
𝑚𝜏2
), (11) 
 
where we have added the terms corresponding to the muon and the tau lepton, which are not included in 
[7]. The quantity in parentheses (times 
𝛼0
3𝜋
) can be viewed as a polarization charge due to the polarization 
of the vacuum; larger masses make smaller contributions to the polarization. The cutoff dependence arises 
because interactions of the leptons and photons are treated as point-like. Note that in contrast to our 
treatment of the electron mass, here we are not developing a self-consistency equation, but are simply 
evaluating an expression for the vacuum polarization expressed as a power series in the coupling constant, 
as we ordinarily do in quantum electrodynamics; the only difference is that here we are expanding in powers 
of the bare coupling constant rather than the physical coupling. As in our treatment of the electron mass, 
there remains a question of the convergence of this series. 
The contribution to the vacuum polarization from hadrons must be added to this expression. Since the 
hadrons are extended composite objects, the point-like interactions that produce the cutoff dependence are 
replaced by electromagnetic form factors 𝐺𝐸(𝑄
2) and 𝐺𝑀(𝑄
2) that result in relatively small, cutoff-
independent corrections (𝑄2 is the momentum transfer squared). Physically, these form factors correspond 
to the momentum space representations of the electric charge and magnetic moment density distributions 
inside the hadrons. Since hadrons have a spatial extent~1 𝑓𝑚 ~ (1 𝐺𝑒𝑉)−1, we expect the form factors to 
fall off rapidly when 𝑄2 ≫ (1 𝐺𝑒𝑉)2. For example, the electromagnetic form factors of the proton are well 
described up to 10 𝐺𝑒𝑉2 by the so-called dipole function 
 𝐺𝐸(𝑄
2) =
𝐺𝑀(𝑄
2)
𝜇𝑃
= (1 +
𝑄2
0.71 𝐺𝑒𝑉2
)
−2
,  
 
where 𝜇𝑃 is the magnetic moment of the proton. At larger values of 𝑄
2, 𝐺𝑀 falls somewhat faster than  
1/𝑄4. 
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Since the one-loop vacuum polarization diagrams introduce products of two such factors (one at each 
vertex), we expect the contributions to the polarization charge due to proton loops to be suppressed by 
factors ≲ 10−16 when 𝑄2 ≳ 100 𝐺𝑒𝑉2. The contributions from all hadrons, which have various form 
factors, must be included, but even slower decreases in the form factors (e.g. 1/𝑄2) effectively cut off the 
vacuum polarization at these values of 𝑄2. We shall therefore neglect the hadronic contributions to the 
polarization charge when 𝑄2 ≳ 100 𝐺𝑒𝑉2, and estimate the hadronic polarization charge as the hadronic 
contribution to the running of the fine structure constant from zero energy up to the Z boson mass (91 GeV). 
This running of the fine structure constant can be parameterized as 
 𝛼(𝑀𝑍
2) =
𝛼(0)
1 − 𝛥𝛼𝐿(𝑀𝑍
2) − 𝛥𝛼𝐻(𝑀𝑍
2)
, (12) 
 
where 𝛥𝛼𝐿 and 𝛥𝛼𝐻 are the leptonic and hadronic contributions, respectively. The most precise value of 
𝛥𝛼𝐻(𝑀𝑍
2) has been determined [9] to be 0.02757(8). Since 𝛼(𝑀𝑍
2) ≈ 0.007818 ≈  
1
127.909 
, our estimate of 
the hadronic contribution to the polarization charge is 𝛼(𝑀𝑍
2)𝛥𝛼𝐻(𝑀𝑍
2) = 0.00021554. 
Using the values of the parameters in (8) and the values of the predicted physical masses in (9), our one-
loop estimate of the fine structure constant is 
 
𝛼 = 𝛼0 [1 −
𝛼0
3𝜋
(𝑙𝑛
𝛬2
𝑚𝑒
2 + 𝑙𝑛
𝛬2
𝑚𝜇2
+ 𝑙𝑛
𝛬2
𝑚𝜏2
)] − 𝛼(𝑀𝑍
2)𝛥𝛼𝐻(𝑀𝑍
2)
= 0.00630237 ≈
1
158.7
 . 
(13) 
 
A lowest order calculation using only quantum electrodynamics has led to an estimate of the fine structure 
constant that agrees with experiment to within 15%. The fact that the measured value of 𝛼~
1
20
⋅ 𝛼0 indicates 
that roughly 95% of the bare coupling constant is shielded by the vacuum polarization, which means that 
our estimate of the polarization charge is accurate to within 1%. 
A question that has often been asked is: why is a fundamental dimensionless constant like the fine structure 
constant so small, and not of order unity? From the present perspective, the fine structure constant is not 
truly fundamental, but is a derived quantity. The fundamental quantity is the bare charge of the electron, 
and since 𝛼0 ≡
𝑒0
2
4𝜋
≈ 0.130, it follows that the bare charge is approximately 
 𝑒0 ≈ 1.28 , (14) 
 
which is clearly of order unity. 
6 Extension to the electroweak theory 
6.1 The use of a single gauge coupling constant 
In our treatment of the self-mass of the electron in QED we expressed the self-mass in terms of the bare 
electromagnetic coupling constant and the physical electron mass to obtain a self-consistency equation for 
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the mass. We then used the resulting physical masses, the bare coupling constant, and the cutoff to calculate 
the physical coupling constant. We wish to extend this strategy to the electroweak theory. 
The problem is that the spontaneous breakdown of the 𝑆𝑈(2)𝐿 x 𝑈(1)𝑌 gauge symmetry down to the 𝑈(1) 
of electromagnetism results in relationships among the weak boson masses 𝑀𝑊 and 𝑀𝑍, the two gauge 
coupling constants 𝑔 and 𝑔′ associated with the 𝑆𝑈(2)𝐿 and 𝑈(1)𝑌 gauge groups, respectively, the 
electromagnetic coupling 𝑒, and the weak mixing angle 𝜃𝑊. The mixing angle can be viewed as a function 
of the coupling constants 𝑔 and 𝑔′ (for example, 
𝑔′
𝑔
= tan 𝜃𝑊) or as a function of the masses 𝑀𝑊 and 𝑀𝑍 
(for example,  
𝑀𝑊
𝑀𝑍
= cos 𝜃𝑊 in the absence of loop corrections). If we wish to calculate in terms of bare 
coupling constants and physical masses, we are therefore left with a choice: do we treat the mixing angle 
as a function of the bare coupling constants or the physical masses? Since we wish to follow as closely as 
possible the procedure we used in QED, we propose to calculate in terms of the bare electromagnetic 
coupling 𝑒0 and the physical mixing angle, viewed as a dimensionless function of the physical weak boson 
masses. This amounts to rewriting the electroweak Lagrangian, when expressed in terms of 𝑔 and 𝑔′, with 
the coupling constant replacements 
 
𝑔𝑔′
√𝑔2 + 𝑔′2
→ 𝑒0, (15.1) 
 
 𝑔 → 𝑒𝑜 csc 𝜃𝑊, (15.2) 
 
 
𝑔2
√𝑔2 + 𝑔′2
→ 𝑒0 cot 𝜃𝑊, (15.3) 
 
 
𝑔′2
√𝑔2 + 𝑔′2
→ 𝑒0 tan 𝜃𝑊, (15.4) 
 
and calculating the mass spectrum and the fine structure constant using the bare electromagnetic coupling 
𝑒0 and the physical mixing angle 𝜃𝑊. 
We stress that this is an assumption that we cannot justify a priori; however, the electromagnetic coupling 
and the mixing angle are the quantities that are directly measured (as opposed to 𝑔 and 𝑔′) and this approach 
seems to be the most natural and simplest extension of our calculations in electrodynamics to the 
electroweak theory. It may seem inconsistent to calculate in terms of the bare electromagnetic coupling 𝑒0 
in the right-hand sides of the replacements in (15.1-4) while not replacing 𝜃𝑊 by its bare value, expressed 
in terms of 𝑔0 and 𝑔0
′ . However, as shown below, the electroweak theory expressed in terms of the bare 
electromagnetic coupling and the mixing angle generates a mass spectrum and value of the fine structure 
constant in approximate agreement with experiment when the mixing angle is equal to the physical value 
that is observed. Nature seems to be telling us to view the electroweak theory in terms of a single gauge 
coupling constant (the electromagnetic coupling), which corresponds to a conserved charge and plays a 
special role in physics. The coupling of quarks and leptons to the weak gauge bosons involves this single 
gauge coupling constant and dimensionless functions of the boson masses, which can be simply expressed 
as trigonometric functions of the mixing angle. In this way we can self-consistently calculate the mass 
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spectrum and the fine structure constant in terms of the bare electromagnetic coupling and the physical 
masses in the theory, in close analogy to our calculations QED. 
6.2 Mass and charge renormalizations 
We have used this strategy and the Feynman rules of the electroweak theory to calculate the lowest order 
mass and charge renormalizations of the electron. In calculating the mass renormalization a complication 
arises in the electroweak theory not encountered in electrodynamics, due to the chirality of the weak 
interactions. The electron self-energy 𝛴(𝑝) can be written in terms of “right- and left-handed” contributions 
𝛴𝑅(𝑝) and 𝛴𝐿(𝑝) as 𝛴(𝑝) = 𝛴𝑅(𝑝)𝛾𝑅 + 𝛴𝐿(𝑝)𝛾𝐿, where 𝛾𝑅,𝐿 are the usual right- and left-handed helicity 
projection operators, 𝛾𝑅,𝐿 ≡ ½(1 ± 𝛾5). Evaluating 𝛴𝑅,𝐿 on the mass shell results in “right- and left-
handed” contributions to the self-mass that can be written as 𝑚𝑅 and 𝑚𝐿, respectively. Due to parity 
violation in the weak interactions, 𝑚𝑅 ≠ 𝑚𝐿. However, it has been shown [10] that in a parity violating 
theory, to lowest order, the pole mass is given by 𝑚 = 𝐺0𝑣 + ½(𝑚𝑅 + 𝑚𝐿), where we have written the 
vacuum mass 𝐺0𝑣 in place of the bare mass 𝑚0. We have used this rule in calculating the mass 
renormalization. 
In analogy to the lowest order expression for the mass renormalization in quantum electrodynamics given 
by (5), we have found 
 
𝛿(1) = 𝛥(1) =
3𝛼0
4𝜋
(𝑙𝑛
𝛬2
𝑚2
+
1
2
) −
𝛼0
𝜋
[
1
16
𝑐𝑠𝑐2𝜃𝑊𝐼1(𝑚, 𝑚𝜈)
+ (
1
32
𝑐𝑜𝑡2𝜃𝑊 +
5
32
𝑡𝑎𝑛2𝜃𝑊 −
1
16
) 𝐼2(𝑚) + (
1
2
−
1
2
𝑡𝑎𝑛2𝜃𝑊) 𝐼3(𝑚)], 
(16) 
 
where the Feynman integrals 𝐼1,2,3(𝑚) are 
 𝐼1(𝑚, 𝑚𝜈) = 2 ∫ 𝑧 𝑙𝑛
𝛬2𝑧
𝑀𝑊
2 𝑧 − 𝑚2𝑧(1 − 𝑧) + 𝑚𝜈
2(1 − 𝑧)
𝑑𝑧,
1
0
 (17.1) 
 
 𝐼2(𝑚) = 2 ∫ 𝑧 𝑙𝑛
𝛬2𝑧
𝑀𝑍
2𝑧 + 𝑚2(1 − 𝑧)2
𝑑𝑧,
1
0
 (17.2) 
 
 𝐼3(𝑚) = ∫ 𝑙𝑛
𝛬2𝑧
𝑀𝑍
2𝑧 + 𝑚2(1 − 𝑧)2
1
0
𝑑𝑧, (17.3) 
 
and 𝑚𝜈 is the neutrino mass (which we are treating as zero in this paper). 
The expression in (16) includes contributions from the gauge bosons but does not include contributions 
from the Goldstone and Higgs bosons, since they are numerically insignificant. This is because the scalar 
bosons couple to the leptons with the bare Yukawa coupling 𝐺0. Since we know from (8) that the bare mass 
𝑚0 = 𝐺0𝑣 = −103.3 𝑀𝑒𝑉 and the measured value of 𝑣 = 246 𝐺𝑒𝑉, it follows that the coupling  
𝐺0
2
4𝜋
~10−8, which is insignificant compared to 𝛼0~10
−1. (As explained below, these values of the bare 
parameters are only slightly changed in the presence of the weak interactions.) 
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Substituting (16) and (17.1-3) into (7) again generates three solutions (with appropriate choices of the bare 
parameters and the cutoff) that can be identified with the masses of the charged leptons. The effect of the 
weak interactions, corresponding to the terms in the square brackets in (16), can be understood as follows. 
Since the lepton masses are much less than the weak boson masses, the integrals in (17.1-3) are 
approximately equal to 𝑙𝑛
𝛬2
𝑀𝑊,𝑍
2  . It is then easy to show that the upper and lower bounds on the solutions 
corresponding to 𝛥(1) = ½ and 𝛥(1) = 1, respectively, are both (approximately) scaled by the factor 
 (
𝛬
𝑀𝑊
)
− 
4
3(
1
16𝑐𝑠𝑐
2𝜃𝑊)
(
𝛬
𝑀𝑍
)
− 
4
3(
1
32𝑐𝑜𝑡
2𝜃𝑊− 
11
32𝑡𝑎𝑛
2𝜃𝑊+ 
7
16)
 (18) 
 
so that the solutions of the self-consistency equation are also approximately scaled by this factor and their 
ratios are only slightly changed. Thus, the structure of the self-consistency equation is qualitatively similar 
to that in QED, except for a change in scale. Since the mass scale is set by the cutoff and the mass ratios 
are determined by the bare parameters, it follows that the effect of the weak interactions is to rescale the 
cutoff (by an amount determined by the weak boson masses and the weak mixing angle) and leave the bare 
parameters only slightly changed. 
In order to calculate the lepton masses, we need measured values of the boson masses and the mixing angle 
to be substituted into (21) and (22.1-3). For the masses we have used 
 𝑀𝑊 = 80.39 𝐺𝑒𝑉; 𝑀𝑍 = 91.19 𝐺𝑒𝑉. (19) 
 
Due to the scale factor in (18), the cutoff (and hence, the mass spectrum and the fine structure constant) are 
sensitive functions of the mixing angle. The mixing angle runs with energy, and it is therefore important to 
use a value measured at the energy scale corresponding to the lepton masses (≲ 1.8 𝐺𝑒𝑉). (The mixing 
angle does not vary appreciably over this range of energies.) The most precise measurements in this energy 
range are an atomic parity violating experiment [11] (corresponding to zero energy) that reported a value 
of 𝑠𝑖𝑛2𝜃𝑊 = 0.2381 ± 0.0011 and SLAC Experiment 158 [12] that measured Moller scattering at an 
energy of 0.16 𝐺𝑒𝑉 and found 𝑠𝑖𝑛2𝜃𝑊 = 0.2397 ± 0.0013. Since the central values differ in the third 
significant figure but have comparable uncertainties, we have chosen to estimate the mixing angle as their 
mean value to three significant figures, that is, 
 𝑠𝑖𝑛2𝜃𝑊 ≈ 0.239, (20) 
 
which lies within the reported uncertainties of both experiments. 
Turning now to the charge renormalization, the electroweak theory introduces an additional contribution to 
the vacuum polarization at lowest order from a W boson loop.1 Again using the Feynman rules for the 
electroweak theory, we have found, in analogy to the contributions in (11) from the lepton loops, that the 
W boson loop makes a contribution 
                                                          
1 In principle, there are also contributions from the charged Goldstone boson loops. However, these are cancelled by 
the contributions from the loops of charged Fadde’ev-Popov ghosts. 
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+
11𝛼0
12𝜋
𝑙𝑛
𝛬2
𝑀𝑊
2  
to the photon renormalization constant 𝑍3. Note that this contribution is positive, in contrast to the negative 
contributions from the lepton loops in (11). The lowest order expression for the fine structure constant then 
becomes 
 𝛼 = 𝛼0 [1 −
𝛼0
3𝜋
(𝑙𝑛
𝛬2
𝑚𝑒
2 + 𝑙𝑛
𝛬2
𝑚𝜇2
+ 𝑙𝑛
𝛬2
𝑚𝜏2
) +
11𝛼0
12𝜋
𝑙𝑛
𝛬2
𝑀𝑊
2 ] − 𝛼(𝑀𝑍
2)𝛥𝛼𝐻(𝑀𝑍
2). (21) 
 
6.3 Calculations of the mass spectrum and the fine structure constant 
We are now in a position to calculate the masses of the charged leptons and the fine structure constant from 
the equations of the electroweak theory. We follow the same strategy we used in QED by choosing values 
of the bare parameters and the cutoff that generate the measured values of the electron and muon masses. 
Substituting the values of the weak boson masses and the weak mixing angle in (19) and (20) into (18) then 
requires the cutoff to be increased approximately sixteen orders of magnitude from the TeV scale to the 
Planck scale. We shall therefore identify the cutoff with the Planck mass 𝑀𝑃, so that 
 𝛬 = 𝑀𝑃 = 1.22 · 10
19 𝐺𝑒𝑉, (22) 
which is consistent with our assumption of a quantum gravity induced minimal length. The weak 
interactions are why the lepton masses are so remarkably small compared to the Planck mass. 
Substituting (16) and (17.1-3) into (7) with the bare parameters 
 𝛼0 = 0.13499; 𝑚0 = −91.27 𝑀𝑒𝑉, (23) 
the weak boson masses and mixing angle in (19) and (20), and the cutoff in (22) generates the physical 
masses 
 𝑚𝑒 = 0.511 𝑀𝑒𝑉; 𝑚𝜇 = 105.67 𝑀𝑒𝑉; 𝑚𝜏 = 667.7 𝑀𝑒𝑉. (24) 
 
As we found in QED, bare parameters that generate the measured values of the electron and muon masses 
predict a value of the tau mass less than the measured value. However, in natural units where 𝑀𝑃 = 1, the 
measured value of the tau mass is 10−18.84 versus our prediction of 10−19.26, a discrepancy of only 2.2% 
in orders of magnitude. 
The dramatic increase in the value of the cutoff (from the TeV scale to the Planck scale) potentially threatens 
to spoil the approximate agreement between the measured and predicted values of the fine structure constant 
that we found in QED. However, substituting the values of the cutoff, the bare coupling constant, the 
physical masses in (24), and the hadronic correction into (21), we find that 
 𝛼 = 0.00607757 ≈
1
164.5
 . (25) 
 
Thus, the W and Z boson contributions to the mass renormalization that drive up the cutoff are compensated 
by the W boson contribution to the charge renormalization to maintain the delicate balance between the 
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bare coupling constant 𝛼0 and the shielding due to vacuum polarization (≈ −0.95𝛼0). We view this as 
strong support for our assumptions, since even small changes in the peculiar coefficients in the mass and 
charge renormalizations in (16) and (21) would upset this approximate agreement between theory and 
experiment. 
7 Quark masses and mixing 
7.1 Quark mass renormalizations 
The idea of restructuring the perturbation series for the self-mass of a fermion as a formal sum can be 
applied to quarks as well as leptons. We have derived lowest-order expressions for the quark self-masses 
that are analogous to (16). The lowest-order expressions for the quark self-energies in QCD have the same 
structure as those in QED and fail to take into account the non-Abelian character of QCD. Consequently, 
we do not necessarily expect the one-loop approximation to predict realistic quark masses, particularly for 
the light quarks, since QCD becomes nonperturbative at low energies. Our intention has been to see if the 
one-loop approximation can at least explain why quarks, like the charged leptons, come in three generations 
with masses vastly much smaller than the Planck mass. We have found 
𝛿𝑈
(1)
= 𝛥𝑈
(1)
=
𝛼0
3𝜋
(𝑙𝑛
𝑀𝑃
2
𝑚𝑈
2 +
1
2
) +
3𝛼0
(𝑠)
4𝜋
(
4
9
) (𝑙𝑛
𝑀𝑃
2
𝑚𝑈
2 +
1
2
) −
𝛼0
𝜋
[
1
16
𝑐𝑠𝑐2𝜃𝑊𝐼1(𝑚𝑈, 𝑚𝐷)
+ (
1
32
𝑐𝑜𝑡2𝜃𝑊 +
17
288
𝑡𝑎𝑛2𝜃𝑊 −
1
48
) 𝐼2(𝑚𝑈) + (
1
3
−
1
9
𝑡𝑎𝑛2𝜃𝑊) 𝐼3(𝑚𝑈)] 
(26) 
 
for the up-type quarks and 
𝛿𝐷
(1)
= 𝛥𝐷
(1)
=
𝛼0
12𝜋
(𝑙𝑛
𝑀𝑃
2
𝑚𝐷
2 +
1
2
) +
3𝛼0
(𝑠)
4𝜋
(
4
9
) (𝑙𝑛
𝑀𝑃
2
𝑚𝐷
2 +
1
2
) −
𝛼0
𝜋
[
1
16
𝑐𝑠𝑐2𝜃𝑊𝐼1(𝑚𝐷, 𝑚𝑈)
+ (
1
32
𝑐𝑜𝑡2𝜃𝑊 +
5
288
𝑡𝑎𝑛2𝜃𝑊 +
1
48
) 𝐼2(𝑚𝐷) + (
1
6
+
1
18
𝑡𝑎𝑛2𝜃𝑊) 𝐼3(𝑚𝐷)], 
(27) 
 
for the down-type quarks, where the subscripts U and D correspond to up- and down-type quarks, 
respectively, and where 𝛼0
(𝑠)
 is the bare strong interaction (color) coupling constant. The coefficients of the 
electroweak contributions in (26) and (27) differ from those in (16) due to different quantum number 
assignments, and the factor of 4/9 in the strong interaction contributions is a group-theoretical factor that 
comes from the SU(3) matrices. As in (16), we have neglected the contributions from the Goldstone and 
Higgs bosons, since the values of the bare quark masses 𝑚0
(𝑈)
and 𝑚0
(𝐷)
 we have chosen (as discussed 
below), like that of the charged leptons, correspond to values of the bare quark Yukawa couplings that are 
much less than the bare electromagnetic and strong coupling constants, and have no numerical significance 
at this level of approximation.2 
                                                          
2 The charged Goldstone bosons give contributions to 𝑚𝑈 that are proportional to 𝑚𝐷 (and vice versa) which can be 
accounted for by generalizing (7) to a matrix equation in which 𝑚𝑈 and 𝑚𝐷 are the elements of a column matrix, but 
this is unnecessary here since we are neglecting contributions from the bare quark Yukawa couplings.  
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These expressions have the same structure as (16) and, as in the electroweak theory, generate either one or 
three physical masses, depending on the values of the bare parameters. We have used the values of the three 
heavy quark masses (𝑚𝑐 , 𝑚𝑏 , 𝑚𝑡), which are known with little ambiguity, to determine values of the two 
bare quark masses and the bare strong coupling constant:  
 𝛼0
(𝑠)
= 0.196; 𝑚0
(𝑈)
= −6.70 𝐺𝑒𝑉; 𝑚0
(𝐷) = 3.45 𝐺𝑒𝑉. (28) 
Due to flavor-changing currents and the presence of the Feynman integral 𝐼1, which depends upon both 𝑚𝑈 
and 𝑚𝐷, the self-consistency equations for up- and down-type masses are coupled. For these values of the 
bare parameters there are three up-type masses for any value of a down-type mass but only one down-type 
mass for each up-type mass. Consequently, the simultaneous solutions of the coupled self-consistency 
equations result in three generations of quark doublets. The problem is that when 𝑚𝑡 > 𝑀𝑊 + 𝑚𝑏 the 
Feynman integral 𝐼1(𝑚𝑡, 𝑚𝑏) is complex with a small phase (≈ 𝑒
0.015 𝑖 𝜋). In this case solutions are 
complex and there are no simultaneous solutions to the self-consistency equations in which a single up-
type mass is coupled to a single down-type mass, as discussed below. For the moment we shall neglect the 
small complex phase in 𝐼1(𝑚𝑡, 𝑚𝑏) for simplicity in order to obtain real values of the solutions, in which 
case each up-type mass is coupled to single down-type mass, as depicted schematically in Figure 3. 
Since the weak mixing angle runs with energy, we have had to estimate values of 𝑠𝑖𝑛2𝜃𝑊 at the masses of 
the quarks, and from theoretical estimates of the mixing angle in the 𝑀𝑆̅̅ ̅̅  renormalization scheme [13] we 
have used 
 𝑠𝑖𝑛2𝜃𝑊(< 1.5 𝐺𝑒𝑉) ≈ 0.239;  𝑠𝑖𝑛
2𝜃𝑊(4.5 𝐺𝑒𝑉) ≈ 𝑠𝑖𝑛
2𝜃𝑊(173 𝐺𝑒𝑉) ≈ 0.235. (29) 
 
Using the “zero phase” approximation mentioned above, the bare parameters in (28), the mixing angles in 
(29), and the cutoff 𝛬 = 𝑀𝑃, the self-consistency equations generate three up-type masses, 
 𝑚𝑢 ≈ 309 𝑀𝑒𝑉; 𝑚𝑐 ≈ 1.44 𝐺𝑒𝑉; 𝑚𝑡 ≈ 173 𝐺𝑒𝑉, (30) 
coupled to three down-type masses, 
 𝑚𝑑 ≈ 4.0 𝐺𝑒𝑉; 𝑚𝑠 ≈ 4.0 𝐺𝑒𝑉; 𝑚𝑏 ≈ 4.2 𝐺𝑒𝑉. (31) 
If we interpret these physical masses as constituent masses, the solutions for the up-type quarks are a 
reasonable description of the mass spectrum, although the solutions for 𝑚𝑑 and 𝑚𝑠 are an order of 
magnitude too large. However, we have neglected the phase of 𝐼1(𝑚𝑈, 𝑚𝐷), in which case there is no 
mixing, so these results are only rough estimates of the true one-loop solutions. 
7.2 The origin of mixing and the absence of flavor-changing neutral currents 
Our approach to the generation problem automatically explains the origin of mixing and the absence of 
flavor-changing neutral currents. The reason is simple. The bare Lagrangian contains a single bare up-type 
quark and a single bare down-type quark, each of which is coupled to itself in flavor-conserving neutral 
currents, and which are coupled to each other in a flavor-changing charged current. There are no flavor-
changing neutral currents in a theory with only one generation. The effect of mass renormalization is to 
replace each bare mass by three physical masses without changing the fundamental structure of the theory.  
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Figure 3. Schematic illustration (not to scale) of the solutions of the one-loop 
coupled self-consistency equations for quark masses in the 𝑚𝑈 − 𝑚𝐷 plane using 
the “zero phase” approximation and the bare parameters discussed in the text. The 
simultaneous solutions correspond to three generations of quark doublets (six 
flavors), all of which originate from a universal bare doublet. 
This leaves us with three up-type quarks and three down-type quarks, each of which is coupled to itself via 
flavor-conserving neutral currents, three up-type quarks coupled to three down-type quarks via flavor-
changing charged currents, and no flavor-changing neutral currents. The particular combinations of up- and 
down-type quark states that are coupled to one another (i.e. the mixing angles), like the physical masses 
themselves, are determined by the multiple solutions of the coupled self-consistency equations, and mixing 
is required because the solutions are complex. 
To see this, consider the basis in which 𝑚𝑡 is real, which can be arranged by suitably adjusting the phase 
of the top quark field. The expression for 𝛥𝑈
(1)
 in (26) only leads to a real solution for 𝑚𝑡 if 𝐼1(𝑚𝑡, 𝑚𝑏) is 
real, and with 𝑚𝑡 ∼ 173 𝐺𝑒𝑉 and |𝑚𝑏| ∼ 4.2𝐺𝑒𝑉 there is no phase of 𝑚𝑏 for which 𝐼1(𝑚𝑡, 𝑚𝑏) is real and 
therefore no solution for 𝑚𝑡. The problem can only be avoided by allowing the quarks to mix, so that the 
expressions for 𝐼1(𝑚𝑈, 𝑚𝐷) and 𝐼1(𝑚𝐷 , 𝑚𝑈) in (26) and (27) are generalized with the replacements 
 
                                                      𝐼1(𝑚𝑈, 𝑚𝐷) → ∑ |𝑉𝑖𝑗|
2
𝐼1(𝑚𝑖, 𝑚𝑗)𝑗                                                      (32) 
and 
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                                                      𝐼1(𝑚𝐷, 𝑚𝑈) → ∑ |𝑉𝑖𝑗|
2
𝐼1(𝑚𝑗 , 𝑚𝑖)𝑖                                                       (33) 
respectively, where 𝑖 = 𝑢, 𝑐, 𝑡 and 𝑗 = 𝑑, 𝑠, 𝑏, and 𝑉𝑖𝑗 is the usual CKM matrix that defines the down-type 
weak eigenstates in terms of mass eigenstates as                                                                                  
 
(
|𝑑′〉
|𝑠′〉
|𝑏′〉
) = (
𝑉𝑢𝑑 𝑉𝑢𝑠 𝑉𝑢𝑏
𝑉𝑐𝑑 𝑉𝑐𝑠 𝑉𝑐𝑏
𝑉𝑡𝑑 𝑉𝑡𝑠 𝑉𝑡𝑏
) (
|𝑑〉
|𝑠〉
|𝑏〉
) . 
 
(34) 
 
This leaves us with complex masses |𝑚𝑖|𝑒
𝑖𝜑𝑖 and |𝑚𝑗|𝑒
𝑖𝜑𝑗 and real mixing angles |𝑉𝑖𝑗|, whereas the 
standard model Lagrangian is expressed in terms of real masses and complex mixing angles. However, the 
phases in the masses can be translated into phases of the mixing angles by absorbing these phases into the 
left-handed quark fields. If 𝑞𝐿𝑖 and 𝑞𝐿𝑗 are the left-handed up- and down-type quark fields, one can define 
new quark fields 𝑞𝐿𝑖
′ = 𝑒−𝑖𝜑𝑖𝑞𝐿𝑖 and 𝑞𝐿𝑗
′ = 𝑒−𝑖𝜑𝑗𝑞𝐿𝑗. In terms of the primed quark fields, the mass terms in 
the Lagrangian are now 𝑞𝐿𝑖
′ |𝑚𝑖|𝑞𝑅𝑖 and 𝑞𝐿𝑗
′ |𝑚𝑗|𝑞𝑅𝑗 and the terms in the charged current are 
𝑞𝐿𝑖
′̅̅ ̅̅ 𝛾µ|𝑉𝑖𝑗|𝑒
−𝑖(𝜑𝑖−𝜑𝑗)𝑞𝐿𝑗. The kinetic terms and the flavor-conserving currents are unchanged when 
expressed in terms of the primed quark fields. Thus, although the solutions of the self-consistency equations 
involve complex masses and real mixing angles, we can just as well work with real masses and complex 
mixing angles (which lead to CP violation), as we ordinarily do. 
The numerical solutions for the masses and mixing angles will require additional work. However, the self-
consistency equations explain the necessity of quark mixing and CP violation as consequences of the 
standard model dynamics when  𝑚𝑡 > 𝑀𝑊 + 𝑚𝑏. 
Summary 
In this paper we have suggested that the parameters of the standard model can be understood dynamically 
by attributing a physical significance to the ultraviolet divergences. We have done so by treating the Planck 
mass as a natural ultraviolet cutoff and by rearranging and formally summing the perturbation series for the 
self-masses of quarks and leptons. The resulting self-consistency equations for the physical masses have 
enabled us to address the following questions about the standard model:3 
 
• Why are there three families of quarks and leptons? (“Who ordered that?”) 
• Why are they so light? (masses ≲ 10-17 in natural units) 
• Why do they exhibit large mass hierarchies? (𝑚𝜇/𝑚𝑒 ≈ 200, etc.) 
• Why do they mix? 
• What is the origin of CP violation? 
• Why are there no flavor-changing neutral currents? 
• What determines the value of the fine structure constant? (𝛼 ≈ 1/137) 
                                                          
3 An extension of the standard model is necessary to account for tiny neutrino masses. However, the techniques 
developed in this paper could be applied to such an extension. 
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Within our traditional view of the standard model these are unanswerable questions. At the same time, the 
divergences are viewed as a fundamental flaw. We have combined these two problems into a solution by 
using the divergences to develop new relationships between the bare and the physical masses. 
Our treatment of the divergences using a Pauli-Villars regulator introduces ambiguities and a lack of gauge 
invariance in the mass renormalizations of the electroweak theory. We have attributed these to unphysical 
gauge degrees of freedom that would be absent in a consistent quantum theory of gravity that cuts off the 
divergences in an unambiguous and gauge invariant fashion. We have chosen to work exclusively in 
Feynman gauge, which we have argued is equivalent to a physical, gauge-free formulation of the theory. 
On the other hand, the usual renormalization program, successful though it is for calculating scattering 
amplitudes in terms of the physical parameters, is tantamount to ignoring the divergences; in the present 
approach we work directly with the divergences and treat them as large compared to the much smaller 
cutoff-independent contributions. 
Of course, it may be that some underlying substructure of quarks and leptons will eventually explain the 
parameters in terms of some more fundamental constituents. However, no evidence has emerged so far to 
suggest anything but a point-like structure of quarks and leptons, which unavoidably leads to divergences. 
If this is really the case, and the quarks and leptons are truly fundamental point-like objects, the simplest 
explanation of their parameters appears to be a self-consistent description using the equations that describe 
their dynamics, divergences and all. 
References 
[1] W. Pauli and F. Villars, Rev. Mod. Phys. 21, 434 (1949). 
[2] W. Heisenberg, Annalen der Physik 424, 20 (1938). 
[3] For a comprehensive review, see S. Hossenfelder, Living Rev. Relativity 16, 2 (2013). 
arXiv:1203.6191v2 [gr-qc]. 
[4] P. Majumdar and S. Bhattacharjee, arXiv:0903.4340v4 [hep-th]; S. Bhattacharjee, 
arXiv:1210.1163v1 [hep-th]; S. Bhattacharjee and P. Majumdar, arXiv:1302.7272v1 [hep-th]. 
[5] S. Coleman and E. Weinberg, Phys. Rev. D7, 1888 (1973). 
[6] R. Jackiw, Phys. Rev. D9, 2276 (1974). 
[7] R.P. Feynman, Phys. Rev. 76, 769 (1949). 
[8] L. Landau, A. Abrikosov and I. Khalatnikov, Dokl. Akad. Nauk SSR 95, 773 (1954); M. Gell-Mann 
and F. Low, Phys. Rev. 95, 1300 (1954); N.N. Bogoliubov and D.V. Shirkov, Introduction to the 
Theory of Quantized Fields, Chapter VI, Interscience Publishers, Inc., 1959; J.D. Bjorken and S.D. 
Drell, Relativistic Quantum Mechanics, Chapters 5 and 8, McGraw-Hill, Inc., 1964. 
[9] S. Bodenstein, C.A. Dominguez, K. Schilcher, and H. Spiesberger, Phys. Rev. D86, 093013 (2012), 
arXiv:1209.4802v4 [hep-ph]. 
[10] B.A. Kniehl and A. Sirlin, arXiv:0801.0669v1 [hep-th]; Y. Zhou, arXiv:hep-ph/0510069v3. 
[11] S.G. Porsev, K. Beloy and A. Derevianko, Phys. Rev. Lett. 102, 181601 (2009). 
[12] P.L. Anthony et al. (SLAC E158 Collaboration), Phys. Rev. Lett. 195, 08160 (2005). 
[13] J.Erler and M.J. Ramsey-Musolf, Phys. Rev. D72, 073003 (2005). 
